Abstract. We investigate the W 2 (k)-liftability of singular schemes. We prove constructibility of the locus of W 2 (k)-liftable schemes in a flat family X → S. Moreover, we construct an explicit W 2 (k)-lifting of a Frobenius split scheme X over a perfect field k, reproving Bhatt's existential result. Furthermore, we study existence of liftings of the Frobenius morphism. In particular, we prove that in dimension n ≥ 4 ordinary double points do not admit a W 2 (k)-lifting compatible with Frobenius, and that canonical surface singularities are Frobenius liftable. Combined with Bhatt's results, the latter result implies that the crystalline cohomology groups over k of surfaces with canonical singularities are not finite dimensional. As a corollary of our results, we provide a thorough comparison between the notions of W 2 (k)-liftability, Frobenius liftability and classical F -singularity types.
Introduction
In the seminal paper [DI87] , Deligne and Illusie observed that a smooth variety X defined over a perfect field k of characteristic p possesses many desired properties, which are standard in characteristic 0, provided it admits a flat lifting to W 2 (k), i.e., a unique Z /p 2 -flat extension of k. This observation turned out to be very fruitful and leads to many further results overcoming pathological behaviour of positive characteristic geometry of smooth varieties (see, e.g., [OV07, Lan15] ). The crucial part of the arguments given in the papers mentioned was the existence of a local lifting of the Frobenius morphism mod p 2 . In this paper, we investigate the existence of W 2 (k) and Frobenius liftings in the more general setting of singular schemes. In this situation, contrary to the case of smooth schemes, a W 2 (k)-lifting need not to exist even affine locally. The simplest instance of that phenomenon, in fact 0-dimensional, was given without a proof in [Bha12, Remark 3.16 ]. We present a detailed analysis of a slightly more general example in Section 3.2.
Furthermore, in [Bha14] the author generalizes the results of [DI87] under the assumption of global Frobenius liftability (see Definition 1.1), and consequently proves that the crystalline cohomology over k of Frobenius liftable locally complete intersection schemes is not finitely generated.
The aforementioned examples and results suggest the following two basic question:
Question 1: What are the necessary conditions for a scheme to possess a W 2 (k)-lifting? Question 2: For a given scheme, does there exist a W 2 (k)-lifting together with a compatible lifting of the Frobenius morphism?
General answers to the questions were given in [Ill72, MS87, Jos07a] and stated that above problems can be expressed in purely cohomological manner. Moreover, in [LS14] the authors investigated the first question in the setting of birational geometry. Our contribution to answering the above questions is the following.
As far as the first question is concerned, in Section 3.3 we analyse how the property of W 2 (k)-liftability behaves in families f : X → S. More precisely, we show, that under mild assumptions suitable for deformation-theoretic considerations (satisfied if e.g. f is proper or affine), the locus of Witt vector liftable fibres X s def = f −1 (s) is constructible (see Theorem 3.11). Furthermore, we reprove the result that Frobenius split schemes are W 2 (k)-liftable. The advantage of our approach is that we provide the lifting explicitly and functorially with respect to a splitting ϕ : F X * O X → O X , in fact as a certain subscheme of the Witt scheme (X, W 2 (O X )). The details of our construction are presented in Section 3.4. Moreover, we give a new construction of a non-liftable affine scheme. In fact, the construction is given by a cone over a suitable embedding on a non-liftable projective scheme (for the proof see Lemma A.21 in the Appendix A). Examples of non-liftable projective schemes are given, e.g., by Raynaud [Ray78] and Mukai [Muk13] .
Concerning the second question, we derive a computationally feasible criterion for Frobenius liftability of complete intersection affine schemes (see Theorem 4.6). Consequently, we apply the criterion in the case of ordinary double points (see Theorem 4.10), and thus answer the question asked by Bhatt in [Bha14, Remark 3.14]. As another application of our criterion, in Section 4.4 we prove that canonical surface singularities are Frobenius liftable. Finally, in Section 4.4.2 we present a general approach for proving Frobenius liftability of tame reductions of quotient singularities. The method is based on the spreading out technique combined with functoriality of obstruction classes for lifting morphisms.
The above results allow us to address the following question:
Question 3: What is the relation between W 2 (k)-liftability and Frobenius liftability, and classical notions defined in terms of Frobenius action?
Our contribution can be summarized by the following diagram which describes all potential relations between the classical F -singularities and the notion considered in this paper: The counterexamples corresponding to most of the strikethrough implications in the diagram are provided in Section 5
As a byproduct of our considerations, we formalise the foregoing functoriality properties of obstruction classes for deformation of schemes and their morphism. In particular, we analyse their behaviour in the case of affine schemes. The results are given in Appendix A. Apart from explicit statements and proofs concerning functoriality, the whole theory can be found in the standard reference [Ill72] .
In the course of our consideration we faced the following problem:
Open question: Does there exist a finiteétale covering π : Y → X of schemes locally of finite type over k such that Y is W 2 (k)-liftable and X is not.
Note that by Lemma 3.1 the degree of π would necessarily be divisible by p and by Lemma A.11 the schemes need not be affine.
Notation and basic definitions.
Here we present a few general assumptions on schemes and their morphisms. Moreover, we give basic definitions concerning Frobenius morphism and Witt vector liftability.
1.1.1. Generalities on schemes and morphisms. Throughout the following work k is a perfect field of characteristic p > 0. All rings we consider are commutative, noetherian and with identity. Unless otherwise stated the schemes and morphisms between them are quasi-compact, quasi-separated and essentially of finite type over k (in particular, the schemes are noetherian). For any morphism f : X → Y , the associated mapping of sheaves of rings is denoted by f # : O Y → f * O X . For any k-scheme X by F X : X → X we mean the absolute Frobenius morphism, i.e., the identity on the level of topological spaces and F 
For a perfect field k, we can reformulate Frobenius liftability in terms of the relative Frobenius morphism F X/k : X → X × k,F k Spec(k) and its lifting F X/k : X → X × W2(k),σ Spec(W 2 (k)).
In the affine case, we sometimes identify liftings of k-schemes (resp. their Frobenius morphisms) with liftings of their associated k-algebras (resp. their p-th power mappings).
Derived categories and derived functors.
Throughout the paper by D QCoh (X) we denote the derived category of quasi-coherent sheaves on a scheme X. We add + (respectively −) in the superscript in order to indicate that we consider the category of bounded below (respectively above) complexes. Moreover, by D − Coh (X) we denote the full subcategory of D − QCoh (X) consisting of complexes whose cohomology sheaves are coherent. Again, based on our assumptions, one can prove that any object in D − Coh (X) is quasi-isomorphic to a complex of coherent sheaves.
1.2. Structure of the paper. The paper is organized as follows. In Section 2 we give a few preliminary results concerning commutative algebra and homological algebra.
In Section 3 we investigate W 2 (k)-liftability of schemes. In particular, we prove that under suitable assumptions Witt vector liftability is a constructible property (see Theorem 3.11) and give a construction of a W 2 (k)-lifting of a Frobenius split scheme (see Theorem 3.16).
In Section 4 we address the problem of Frobenius liftability of singularities. We derive a computational criterion for Frobenius liftability of complete intersection schemes (see Theorem 4.6) and consequently apply it to ordinary double points (see Theorem 4.10) and canonical surface singularities (see Theorem 4.12). Section 5 is devoted to comparing W 2 (k)-liftability and F -liftability with classical notions of F -regularity, F -rationality and F -purity. In Section 6 we recall the classical approach to deformation of cones with an emphasis on W 2 (k)-liftability. Moreover, we extend the standard results with a study of Frobenius liftability.
Due to their technical nature deformation theory considerations are deferred to Appendix A. We recall a few results concerning deformation functors and present a thorough description of functoriality of obstruction classes expressed in terms of cotangent complex. Moreover, we present a handful of remarks concerning deformations of affine schemes.
Preliminaries
2.1. Basic commutative algebra, flatness criteria. We recall basic facts concerning flatness of W 2 (k)-modules and algebras. Under standard bijection
is flat if and only if the annihilator Ann
Proof. We firstly prove that pW 2 (k) ⊗ W2(k) M is isomorphic to M/pM . This follows from right exactness of the functor − ⊗ M and a resolution of pW 2 (k): 
Proof. The first part follows directly from Lemma 2.1. To prove the second part, we apply the following sequence of equivalences:
where the middle one follows from the inclusions (J : (p)) ⊃ (p) ⊂ (J + p) and the injectivity of the mapping B/p → pB.
Proof. Assume that g ∈ B satisfies the equality gf = 0. By reducing mod p we see that g · f = 0 and therefore g = ph for some h ∈ B. Again, using the assumption and the isomorphism B/pB ≃ pB (see Lemma 2.1), we see that h · f = 0 and consequently h = ph ′ . This implies that g = p 2 h ′ = 0 yielding the first part of the lemma. For the second part, we consider the flat resolution of B/f B given by 0 −→ B −→ B −→ B/f B −→ 0. By reducing mod p we see that Tor [Sta15, Tag 051C] ). Alternatively, we can prove that (f ) ∩ (p) = (pf ) and use the above Corollary 2.2.
Consequently we get the following result. 
Lemma 2.4. Let
Proof. This is an application of the spectral sequence of a double complex. Indeed, by [Sta15,  Tag 08DE] we see that the total derived pullback Lf * F • is given by the totalisation of the double complex
existing by the assumption on f . By the classical result there exist a spectral sequence:
whose convergence follows from the fact that f 
This gives the desired result.
Lemma 2.8. Let f : X → S be a locally of finite type morphism of schemes, and E a complex in D QCoh (X). Then for every cartesian diagram: 
Proof. By [Sta15, Tag 08I3] we obtain a mapping:
In order to prove that it is an isomorphism we can work locally and therefore we may assume that L X/S is resolved as a complex of locally free sheaves. In this case, the result follows from the definition of Lf * and the fact that RHom(−, O X ) might be computed by a locally free resolution of the first argument.
2.3. A primer in deformation theory. Due to unoriginal and tediously technical nature of the considerations given in the corresponding section we defer it to Appendix A. The reader familiar with 1) obstruction theories defined in terms of cotangent complex, 2) the notion of deformation functor and its basic properties, may comfortably proceed with the actual content of the paper. In the upcoming considerations we freely use the above notions by referring to Appendix A.1 and Appendix A.3, respectively. 
In particular W 2 (k)-liftability descends along finite surjective maps of degree prime to the characteristic of k.
Proof. This is a direct consequence of Lemma A.6. The final remark follows from existence of the trace maps splitting g # .
As corollary we obtain a well-known result that every Frobenius split variety lifts. 
The differential dF X/k = 0 and therefore by existence of splitting σ X (1) = 0. Note that in case of varieties over a perfect field the W 2 (k)-liftability of X (1) is in fact equivalent to the liftability of X.
3.2. Example of non W 2 (k)-liftable scheme, p-neighbourhoods of smooth quadrics. We proceed to an example of 0-dimensional scheme which is not W 2 (k)-liftable. In this case we give a direct computational proof which is afterwards used in the considerations concerning Frobenius liftability of ordinary double points. We shall prove that the Artinian local k-algebras:
are non-liftable to W 2 (k) for n ≥ 3. Moreover, as suggested in [BO78] 
is not flat over W 2 (k). By means of Lemma 2.3 we see that
Consequently it suffices to show that the canonical homomorphism Ann C ( f 2n ) → Ann C (f 2n ) coming from the snake lemma applied to the commutative diagram:
is not surjective, i.e., there exists an element h in the annihilator of f 2n ∈ C which does not lift to an element in the annihilator of f 2n in C. We claim that h = f p−1 2n is the right choice. For the sake of contradiction, suppose that there exists a lifting f 2n
for P f2n defined as
Therefore, we obtain that p(P f2n + gf 2n ) = 0 in C, i.e., by Corollary 2.2 the polynomial P f2n belongs to the ideal (f 2n , x
By specializing x i = 0 for i > 6 we see that it suffices to derive the contradiction for n = 3. We prove that even the element (x 5 x 6 ) p−2 P f6 does not belong
). We begin with the computation:
Therefore, we are left to show that (
). This follows from the following:
we may compare coefficients to obtain:
After using the second relation inductively we obtain:
The proof for odd number N = 2n + 1 ≥ 7 of variables is analogously reduced to the case of 6 variables by additional specialisation x 2n+1 = 0. The case N = 5 can be treated easily by an explicit computation following the lines of the above.
Remark 3.4. We have implemented Macaulay2 procedure checking whether a give affine scheme is W 2 (k)-liftable. The code is given at .
3.2.2. Non-existence of a PD-structure on (A, m). We now prove that the ideal m does not admit PD-structure in spite of satisfying the necessary condition m
[p] = 0. We precede the actual result with a necessary definition.
Definition 3.5 (PD-structure). Let A be a commutative ring and let I be an ideal of A. A divided power structure is a collection of mappings γ i : I → A for i ∈ N satisfying the following properties: i) γ 0 (x) = 1, γ 1 (x) = x for any x ∈ I and γ n (x) ∈ I for any n ≥ 1,
The above notion is a necessary tool for dealing with de Rham and crystalline cohomology in characteristic p.
Using ii) we see that p!γ p (x) = x p , which indeed implies that any ideal I of an F p -algebra A admitting a PD-structure satisfies the condition I
[p] = 0. Proof. We focus on the case of even N = 2n. For the sake of contradiction, we assume an appropriate system of mappings γ i exists and analyse the element
This means that
) which gives a contradiction as proven above.
3.3. W 2 (k)-liftability in families. We now proceed to the proof that under suitable conditions Witt vector liftability is a constructible property, i.e., for a locally finite type family f : X → S the set of closed points s ∈ S such that the fibre X s is W 2 (k(s))-liftable is constructible. We begin with a definition encompassing the properties of a morphism necessary to prove constructibility.
Definition 3.7. We say that a morphism f : X → S is strongly equicohomological if it is locally of finite type and flat, and for any i ∈ {0, . . . , dim S+2} the higher direct image
Strongly equicohomological families satisfy the following crucial property motivated by the application for deformation theory. 
Proof. By Lemma 2.8 there exists a natural quasi-isomorphism:
By Lemma 2.9 and the base change property of cotangent complex we obtain an isomorphism:
which implies that the right hand side of (2) is isomorphic to Rf T * RHom(L XT /T , O XT ). By taking cohomology, for any k ∈ Z we obtain an isomorphism:
By Lemma 2.7 there exists a convergent spectral sequence:
The terms on E 2 page are isomorphic to
) and therefore by the assumption on being strongly equicohomological E pq p > 0. Moreover, by the smoothness of S we see that E pq 2 = 0 for p < − dim S and consequently E
for any p ∈ Z and r ≥ 2. This means that the natural filtration induced on
. This finishes the proof.
As a corollary we obtain:
Lemma 3.9. Let f : X → S be a strongly equicohomological morphism with a smooth affine target. Then, the set of closed points
Proof. By the assumptions on S we see that there exists a W 2 (k)-lifting S of S. Therefore, there is a relative obstruction class
which vanishes if and
only if there exists a flat S-scheme X fitting into the cartesian diagram:
By the formal smoothness of S → Spec(W 2 (k)), any point s ∈ S can be lifted to a mapping i : Spec(W 2 (k(s)) → S. We denote by i s : X s → X the closed immersion defined by the diagram (with a cartesian square):
and therefore by Lemma 3.8 we obtain a specialisation isomorphism:
By Lemma A.6 we see that obstructions
and therefore the fibre
Note that here we implicitly use the fact that the second part of the isomorphism (2) in Lemma 3.8 is given by the differential dj. Constructibility then follows from the fact that the zero set of a section of a flat module is constructible (in fact it is closed for a finitely generated module).
In order to obtain a general statement for morphism which are not strongly equicohomological we need the following lemma preceded with a notational remark. We say that a morphism f : X → S can be stratified into morphisms satisfying property P if there exists a stratification of the target Proof. We observe that stratification is a purely topological notion and therefore we may assume that S is integral. Now, it suffices to prove that for the classes in question there exists an open subset U ∈ S such that f U : X × S U → U is strongly equicohomological. In both cases we apply the generic flatness to prove a more general statement that for any complex
Coh (X) the higher direct images are generically S-flat. Firstly, we deal with affine morphisms. In this case, the higher direct images of any complex E
• ∈ D + Coh (X) are computed by taking the pushforwards of the cohomology groups H j (E • ). Those are coherent sheaves on X and are therefore generically S-flat. Secondly, we treat the case of proper morphism. Now, higher direct images R i f * E • are coherent S-modules and therefore are generically flat.
We are now ready to state and prove the theorem.
Theorem 3.11. Suppose f : X → S is a morphism which can be stratified into strongly equicohomological morphisms. Then, the set of closed points s ∈ S such that the fiber
Proof. Observe that in order to prove constructibility we may stratify the scheme S into locally closed subsets. Therefore, by the assumption on existence of strongly equicohomological stratification, we may assume that : X → S is strongly equicohomological with a smooth affine target. Then, the result follows from Lemma 3.9.
As a direct corollary of Lemma 3.10 and Theorem 3.11 we obtain: Corollary 3.12. For any proper or affine morphism f : X → S the set of closed points s ∈ S such that the fibre X s lifts to W 2 (k(s)) is constructible.
3.4. Functorial W 2 (k)-lifting for Frobenius-split varieties. We now reprove the classical result stating that any Frobenius-split scheme X over k is W 2 (k)-liftable. For the standard reference and Bhargav Bhatt's proof in singular case the reader is encouraged to see Proposition 3.2. The advantage of our approach is that we provide the lifting constructively and functorially with respect to the splitting ϕ : F X * O X → O X , in fact as a certain subscheme of the Witt scheme (X, W 2 (O X )).
3.4.1. Functorial setting. We shall introduce our construction as a certain functor from the category described as follows. By Frobenius split scheme we mean a pair (X, ϕ X ) of a scheme over k and a Frobenius splitting ϕ X : F * O X → O X . Moreover, a morphism of Frobenius split schemes (X, ϕ X ) and (Y, ϕ Y ) is a scheme morphism π : X → Y such that the splittings satisfy compatibility conditions expressed by commutativity of the diagram:
In case of an affine morphism corresponding to a homomorphism f : A → B this is equivalent to the equality f ϕ A = ϕ B f . The notions described above allow us to introduce the category of Frobenius split varieties. Definition 3.14 (Witt vectors W 2 (A)). Suppose A is a commutative ring. We define the ring of Witt vectors W 2 (A) to be the set A × A equipped with addition + W and multiplication · W given by the following formulas:
where
The unit element of W 2 (A) is represented by (1, 0) and, in case of F p -rings, the prime number p is represented by (0, 1). The natural projection (a 0 , a 1 ) → a 0 gives a ring homomorphism π : 
which can also be described by the following diagrams:
The verification that the above definition gives indeed a structure of an associative and commutative ring is a straightforward computation. We are now ready to prove:
Proof. Firstly, we observe that our construction is functorial. This follows directly from the formulas for operations and the condition f ϕ A = ϕ B f .
Consequently, we show that W ϕ 2 (A) is flat over W 2 (k). Clearly the projection onto the first factor gives a surjective ring homomorphism from W ϕ 2 (A) to A whose kernel I is given by the ideal of elements of the form (0, a 1 ) ∈ W ϕ 2 (A) for a 1 ∈ A, which is generated by a single element q = (0, 1). Note that the above diagrams prove that in case of a perfect field k with a Frobenius splitting γ k (α) = p √ α the bijective mapping id ×F gives an isomorphism between the rings W γ k 2 (k) and W 2 (k). This consequently means that natural homomorphism 
3.4.4.
Glueing to a twisted Witt scheme. In order to globalise the above construction we shall show that it behaves well with respect to localisation. For this purpose, we prove the following lemma resembling the computation given in [Blo77, Lemma 5.1].
Lemma 3.17. Let
Before proceeding to the proof, we present a series of useful equalities in W ϕ 2 (A) which follows directly from addition and multiplication formulas:
Proof of Lemma 3.17. The proof boils down to showing that i f is bijective. To prove it, we first apply equalities (7) and (8) to obtain:
and then carry on with a straightforward inspection using the following two facts: (i)
is bijective for any choice of parameters (n, a, c).
We are now ready to prove the theorem. 
Proof. In case of affine schemes (Spec(A), φ) it is sufficient to use the construction of W 
3.5. Alternative view on the construction. As suggested by Piotr Achinger, the above construction might be alternatively described as a certain subscheme of the second Witt scheme (X, W 2 (O X )). Firstly, observe that W 2 (O X ) is an algebra extension of O X by the ideal F X * O X . The splitting ϕ gives rise to a subideal of F X * O X given by Ker(ϕ) ≃ B (O X ) can be described by the following diagram:
where c ϕ :
(O X ) is a ring homomorphism. Therefore, we see that the operations in W ϕ,alt 2 (O X ) are given by the lifting to W 2 (O X ) (e.g., id ×F given in Definition 3.15), followed by the corresponding operation in W 2 (O X ) and the reduction c ϕ . This is exactly the description given by the diagrams in Definition 3.15.
Frobenius liftability
We now proceed to the investigation of Frobenius liftability of affine schemes. We begin with functoriality of obstruction classes for lifting Frobenius, and then give a few examples. Consequently we present a computational criterion for Frobenius liftability of affine complete intersections which we then apply to the case of ordinary double points in dimension ≥ 4 and canonical surface singularities.
4.1. Functoriality of obstructions to lifting Frobenius. As a direct corollary of Lemma A.10 we obtain the following result:
Lemma 4.1. For any scheme X/k together with a W 2 (k)-lifting X there exists an obstruction σ 
where d
(1) 
, and then use the adjunction as in Lemma A.6. The second part follows from the functoriality diagram and the existence of a splitting of g # .
As an exemplary application we obtain a corollary: Proof. Clearly, it suffices to show that Frobenius liftability of U implies liftability for X. For this purpose we observe that by Lemma A.23 the deformation functors of U and X are isomorphic. Hence, any lifting U ∈ Def U (W 2 (k)) extends to a lifting X ∈ Def X (W 2 (k)) and consequently we may apply functoriality of obstructions Lemma 4.1 to the inclusion U → X. We obtain a diagram:
By assumption σ 
is injective. This follows from the vanishing Ext
, which we prove along the lines of the proof of Lemma A.23 (this requires that any point in the complement X \ U satisfies the property S 2 ).
The simplest example of a Frobenius liftable scheme is given by the following. k)[x 1 , . . . , x n ]/( f 1 , . . . , f m ) ) of an affine scheme Spec (k[x 1 , . . . , x n ]/(f 1 , . . . , f m ) ) (cf. Lemma 2.4). Then, we derive a computational criterion for the Frobenius liftability in the case of affine complete intersection schemes (in particular hypersurface singularities).
Before stating the criteria we need some auxiliary definitions and notation. We denote by R the polynomial ring
(unique up to isomorphism) and by F : R → R the lifting of Frobenius morphism given by the formula:
n and σ is the Witt vector Frobenius described in Section 1.1. Moreover, let w : R → R be the base change homomorphism over σ : W 2 (k) → W 2 (k) defined by:
. . , f m ) we see by Corollary 2.2 that any element belonging to pB can be uniquely identified (by multiplication by p) with an element of A = B/p. In particular for any element f ∈ R there exists a unique element
Example 4.4. It turns out we have already seen an example of a polynomial P (f ). Namely, in Proposition 3.3 we defined a polynomial:
This is exactly −P (x 1 x 2 + . . . + x 2n−1 x 2n ).
We are now ready to present the first computational condition for the existence of a Frobenius lift. (f 1 , . . . , f m ) . Then, the Frobenius morphism of A lifts if and only if there exists a sequence of elements h k ∈ R such that for every i ∈ {1, . . . , m} the element
Proof. Let I ⊳ k[x 1 , . . . , x n ] be the ideal generated by the polynomials (f 1 , . . . , f m ) and J ⊳ W 2 (k)[x 1 , . . . , x n ] be the ideal generated by the their lifts ( f 1 , . . . , f m ) . Every Frobenius lifting of B = R/J comes from a homomorphism h : R → R over σ :
In order to get an induced mapping B → B the ideal J should be mapped to itself. This boils down to the following computation:
where in (9) we applied the Taylor expansion of a polynomial, together with the fact that j i ∈ J and p 2 = 0, and in (10) we used the fact that (
By Corollary 2.2 we therefore see that existence of a Frobenius lifting for a W 2 (k)-lifting B is equivalent to existence of h i ∈ R such that:
for any i ∈ {1, . . . , m}. This finishes the proof.
We now restrict ourselves to the case of affine complete intersection schemes and derive a computationally feasible criterion to check whether they possess a W 2 (k)-lifting compatible with Frobenius. For this purpose we firstly observe that:
which implies that the choice of a different lifting f of f leads to the change of P ( f ) by an arbitrary p-th power g p . This leads to a criterion: 
where P fi is a polynomial defined up to a p-th power and computed by the formula
Proof. By Lemma 2.4 we know that flat liftings of complete intersection affine schemes are given by the liftings of the the associated regular sequences. Therefore, by Lemma 4.5 we need to find liftings
But, as we mentioned, the polynomials P ( f i ) for different liftings of f i differ by an arbitrary p-th power. This finishes the proof.
As a corollary we obtain the criterion for Frobenius liftability of hypersurface singularities: 
It turns out that the second form of the above criterion can be (quite) efficiently verified using Macaulay2. The code is given at http://www.mimuw.edu.pl/˜mez/Macaulay2. Proof. For the proof, we need the lemma given in [Lan08] combined with the Proposition 3.3.
Lemma 4.11 ([Lan08], Proposition 3.1). Let k be a field of characteristic p 3 and 0 ≤ e < p be an integer. Then for any
By Corollary 4.7 we need to show that 
p n ) admits a grading (induced from the polynomial ring). We may assume that the lowest grade m of the polynomial h satisfies m ≥ 2p − 2. Indeed, if m < 2p − 2 then by lowest grade comparison and Lemma 4.11 for N = 5, e = 1 and d = m we see that This in fact implies that the methods resulting from [Bha14] cannot be applied for ordinary double points. However, Bhatt proved that crystalline cohomology over k of homogeneous ordinary double points is not finitely generated by a different calculation.
Canonical singularities in positive characteristic are Frobenius liftable.
In this section, we present two different approaches to proving that canonical singularities of surfaces are F -liftable. The first one is a direct computation using the criterion given in Corollary 4.7. The second gives a slightly weaker result in the case of tame quotient singularities and exploits the structure of the quotient together with functoriality of obstructions for lifting Frobenius morphism. We note that in any characteristic the canonical surface singularities over algebraically closed field are classified by the dual graphs of the minimal resolution, which in turn correspond to Dynkin diagrams of type A, D and E. Therefore, we shall use the terms canonical surface singularities and ADE singularities interchangeably.
4.4.1. Direct computational approach. Firstly, we approach the F -liftability of ADE singularities by a direct computation. By [Art77] under the assumption p ≥ 7 the ADE singularities are locally analytically equivalent to the germs of the following form: 
Equipped with this classification we can approach the proof of the following:
Theorem 4.12. For any algebraically closed field k of characteristic p ≥ 7 any affine scheme X with canonical surface singularities is Frobenius liftable.
Proof. Firstly, we observe that by Lemma A.12 it suffices to prove that for any x ∈ X the germ Spec(O X,x ) is Frobenius liftable. By Artin's approximation theorem and the analytical classification of canonical singularities there exists a diagram of schemes:
etale y y r r r r r r r r r ré
where O S ADE ,s is the local ring at 0 of one of the affine models given in Table 1 . Therefore, by Lemma A.11 and Lemma A.12, to prove Frobenius liftability of Spec(O X,x ) it suffices to show that the affine models given in Table 1 
By substituting u = x 2 = −y 2 z − z n+1 we see that it suffices to prove that:
The left hand side of the above relation is a sum of elements of the form (y 2 z) a · z (n+1)b for a + b = p so it is enough to show that:
for any a + b = p. The claim is clear for every a ≥ ⌈p/2⌉ and therefore we reason by contradiction. Suppose a ≤ ⌊p/2⌋ is maximal with respect to the relation
As p − a ≥ ⌈p/2⌉ we can write
which gives a contradiction with the definition of a.
We now proceed to the case of E 7 . We shall prove that
By the trick as above, it suffices to prove that for any a + b = p we have
which follows by analogous reasoning by contradiction. We finish with case of E 2m singularities given by the affine equation x 2 + y 3 + z m+1 for m = 3, 4. By Corollary 4.7 to prove the existence of W 2 (k)-lifting compatible with Frobenius it suffices to prove that
After substituting u = x 2 , v = y 3 , w = z m+1 and s = u + v + w it suffices to show that:
For this purpose, we prove that any monomial u i v j ∈ k [u, v] for i + j = p appearing on the left hand side belongs to (u ⌈p/2⌉ , u ⌈2p/3⌉ , (u + v)
, which is equivalent to the surjectivity of the linear mapping defined by:
After writing this in the basis given by monomials u k v j ordered lexicographically, to show surjectivity it is sufficient to show that the determinant of the matrix
, for n = p − 1 − ⌊p/2⌋ − ⌊p/3⌋ is non-zero. By formula (2.1) in [Kra05] , it is equal to:
and therefore we are done by the inequality ⌈ mp m+1 ⌉ + n − 1 < p. 4.4.2. Quotient singularity approach for F -liftability of canonical singularities. Here, we approach the F -liftability of canonical singularities of surfaces using a different method based on functoriality of obstructions. We begin with a general result concerning F -liftability of quotients of smooth schemes by finite groups, for which the action can be lifted to characteristic 0 (in fact, lifting mod p 2 would be sufficient). Subsequently, we investigate to which extent our method can be applied in the case of canonical surfaces singularities. Our analysis is based on the results of [LS14, Section 4] describing whether ADE singularities admit a structure of a quotient singularity.
We precede our actual considerations by a few essential and standard remarks concerning base change for invariants of actions of finite groups. The proofs are based on the existence of so-called Reynolds operator.
Lemma 4.13. Let G be a finite group and let R be a commutative ring such that |G| is invertible in R. Then, any R[G]-module M projective as an R-module is projective as an R[G]-module.

Proof. In order to prove that M is projective we need show that for any diagram of R[G]-modules:
By the assumptions we obtain an R-linear homomorphism σ : M → P such that f = p • α. Consequently, by a direct computation we obtain that a homomorphism defined by the formula (i.e., the Reynolds operator):
We now apply the above result to prove:
Lemma 4.14. Let G be a finite group and let R be a commutative ring such that |G| is invertible in R. Let M be a projective R-module together with an action of G. Then, for any homomorphism
Proof. Firstly, by Lemma 4.13 we observe that M is a projective R[G]-module. Therefore, there exists an R[G]-module N such that M ⊕ N ≃ R[G]
I for some set of indices I. Consequently, we obtain the following diagram:
which reduces our claim to the case of free modules. We finish by the following simple sequence of identifications:
As a corollary we obtain: 
is an isomorphism.
Proof. Using the same idea as in Lemma 4.13 we prove that the ring of invariants R[x 1 , ..,
G ) is flat over R. The base change property is a direct consequence of Lemma 4.14.
We are now ready to approach the following result concerning F -liftability of quotient singularities. Finally, the details of the behaviour of canonical surface singularities with respect to characteristic of the field k can be summarised by the following table from [LS14, Section 4]. Table 2 . Classification of canonical singularities of surfaces Linearly reductive quotient singularity Tame quotient singularity
Note that the last column indicates the open subset where the respective group scheme Λ iś etale. We are now ready to give an alternative proof of F -liftability of canonical singularities of surfaces in the case they are tame quotient singularities. Proof. Again by Lemma A.11 and Lemma A.12 it suffices to address the case of tame quotients. By Proposition 4.18 and the tameness assumption there exists an open subset U = Spec(Z[1/N ]) ⊂ Spec(Z) and anétale group scheme Λ/U of rank coprime to N such that X ≃ A 2 u /Λ u for a certain point u ∈ U (k). Every finiteétale group scheme isétale locally constant and therefore there exists anétale morphism T → U such that Λ T def = Λ × U T is isomorphic to a constant group scheme associated to a finite group G. As k is algebraically closed, the point u ∈ U (k) lifts to t ∈ T (k). By Lemma 4.16 applied for G acting on
This finishes the proof. 
W 2 (k)-liftability and F -liftability compared to standard F -singularities
The following section contains the comparison of the classical F -singularity types, i.e., Fregularity, F -purity and F -rationality with the notions of W 2 (k)-liftability and Frobenius liftability. We work with F -finite rings, i.e, characteristic p > 0 rings such that F * R is a finite R-module. In particular, the F -finiteness assumption is satisfied in the case of essential finite type algebras over a field k of characteristic p. We begin by recalling a few necessary definitions and criteria. Note that we freely identify affine schemes with their associated rings.
Definition 5.1 (F -regularity). Let R be a reduced F -finite ring of characteristic p > 0. i) We say that R is F -regular if for any c ∈ R the mapping ϕ e c : R → F e * R defined by the formula 1 → c splits for some e ≫ 0. ii) We say that R is F -pure if the mapping F : R → F * R splits, i.e., the scheme Spec(R) is Frobenius split.
It turns out that both of above properties can be verified locally, i.e., R is F -pure (respectively strongly F -regular) if and only if for any maximal m ∈ Spec(R) the local ring R m is F -pure (respectively strongly F -regular). In the case of quotients of F -finite regular rings the above properties can be efficiently verified using the following criteria. We are now ready to describe our results. They can be summarized by the following diagram indicating possible implications and referring to counterexamples in case they do not hold: Firstly, we prove that an F -liftable normal scheme over k is Frobenius split. Proof. The following is a simple extension of a proof given in [MS87] covering the smooth case. Let n be the dimension of X and let U be the smooth locus of X. In case of smooth schemes liftability of Frobenius is equivalent to the existence of a splitting ξ :
U of the Cartier mapping C (see [MS87] ). After taking the n-th exterior power of ξ, we obtain a mapping
which splits the sequence:
by applying Hom OU (−, Ω n U ). Therefore, U is Frobenius split. Using normality of X, in fact S 2 property, one may extend this to a splitting of X.
We shall now present an example which violates the hypothesis of Theorem 5.5 in case of non-normal schemes.
Example 5.6. The scheme {x 1 x 2 (x 1 + x 2 ) = 0} ⊂ A 2 k is Frobenius liftable but not F -pure. Proof. We apply Fedder's criterion given in Lemma 5.2 and a simple fact that:
Frobenius liftability follows by observing that the canonical lifting of Frobenius of
Example 5.7. The cone over an ordinary elliptic curve is F -liftable but not strongly F -regular or F -rational.
Proof. For for the sake of clarity, we focus on the case of a cone over Fermat cubic C = {x
. Firstly, F -liftability follows from Corollary 4.7 by a simple direct computation.
We verify that C is strongly F -regularity by means of Lemma 5.2. Indeed, we observe that for any s ∈ m = (x 1 , x 2 , x 3 ) we have sf
[p e ] and consequently the cone is not strongly F -regular at m. Finally, the proof of the fact that the cone C is not F -rational is the content of [TW15, Example 2.6].
Example 5.8. There exists an F -rational scheme which is not W 2 (k)-liftable.
Proof. Let X be a scheme embedded into P 
6. W 2 (k) and Frobenius liftability of cones over projective schemes
Here, we present a few result concerning cones over projective schemes. We begin with a series of classical results (see, e.g., [Sch71, Art76] ). Consequently, in Section 6.2.1 we extend the classical results with a comparison theorem for Frobenius liftability.
For the purpose of clarity we present a few definitions and results concerning cones over projective schemes and their deformation. We begin by introducing the construction of a cone over a closed embedding of a scheme into the projective space P n def = P n k . For the sake of brevity we set
6.1. Construction of a cone over a projective scheme. For any closed subscheme X ⊂ P n given by an ideal sheaf I, we denote by I X the homogeneous ideal:
From the long exact sequence of cohomology associated to the short exact sequence:
we see that I X arises as the first term in:
We define the affine cone, as follows.
Definition 6.1. Suppose X ⊂ P n = Proj(R) is a closed embedding of k-schemes. We define the affine cone over X ⊂ P n to be an affine scheme:
Directly from the definition we see that:
Remark 6.2. The ring R I X admits a natural grading induced by the grading of R.
For notational convenience, we denote by j : U = Cone X,P n \ {m} → Cone X,P n the inclusion of the complement of the vertex, and by p : U → X the natural G m -bundle given by
where the isomorphism follows from the Grauert's ampleness criterion (see EGA II 8.9.1). We have the following standard proposition. Proposition 6.3. Suppose X ⊂ P n is a closed subscheme. The affine scheme C def = Cone X,P n is normal if and only if X is itself normal and the restriction mapping r X is surjective. In this case,
Remark 6.4. Taking the cone over the d-th Veronese embedding of X ⊂ P n into P ( n d )−1 amounts to considering the morphism of Veronese subrings
By the Serre's vanishing theorem we see that there exists d such that for k ≥ d we have H 1 (X, I X (k)) = 0, and therefore there exists d such that r X,d is surjective. This means that for d sufficiently large the cone over the Veronese embedding of X is normal.
Moreover, we have the corollary: Corollary 6.5. Let X be a smooth projective scheme of dimension dim(X) = n 2 satisfying H i (X, O X ) = 0 for i ∈ {1, . . . , n − 1}. Then, for a sufficiently ample embedding X ⊂ P N the cone satisfies property S n+1 .
Proof. This follows directly from the local cohomology part of Proposition 6.3 and Serre vanishing.
6.2. Deformation theory and cones. We now proceed to the summary of deformation theory of cones. Again, X denotes a closed subscheme of P n and we assume that C def = Cone X,P n is normal at its vertex (cf. Proposition 6.3). i) The tangent mapping T φ : T Hilb X,P n → T Def C can be identified with the canonical homomorphism
coming from the long exact cohomology sequence associated to
Proof. For the proof, we refer to [Art76] . The identification of the tangent space T Def C = Ext 1 (L C/k , O C ) with the given cokernel follows from an explicit calculation of the long exact sequence of Ext(−, O C ) groups for a distinguished triangle:
associated with the inclusion of schemes i : C → A n+1 .
As a corollary we obtain the following result comparing the deformation theory of a projective scheme X and the cone over its sufficiently large ample embedding.
Corollary 6.7. Let X be a projective scheme. Then, there exists a sufficiently large Veronese embedding of
Proof. Firstly, by consideration following Proposition 6.3 we see that by taking sufficiently large Veronese embedding we may assume that the cone is in normal. This allows us to apply Proposition 6.6. By part ii), we need to show that for sufficiently large d we have k =0 H 1 (X, T X (kd)) = 0. This in turn follows from Serre's vanishing and Serre duality. Proof. The first part we proceed as follows. Let C = Cone X,P n be the cone over an embedding of X such that the functor φ : Hilb X,P n → Def C is smooth (cf. Corollary 6.7). Moreover, let U be the cone without the vertex m. Assume C is Frobenius liftable, i.e, there exists a lifting C ∈ Def C (W 2 (k)) admitting a lifting of Frobenius. By the smoothness of φ we obtain a (potentially non-unique) diagram:
By Lemma 4.1 we see that the obstruction classes to existence of a Frobenius lifting for X and U fit into a commutative diagram in D(X):
where the right most arrow is a splitting of p # induced by the G m -bundle structure of p. We assumed that C admits a lifting a therefore σ For the second, we assume that X is Frobenius liftable, i.e., there exists a lifting X ∈ Def X (W 2 (k)) such that σ F X = 0. By Lemma A.21 and Serre vanishing we obtain an embedding of X into P n such that ψ : Hilb X,P n → Def X is smooth and H 1 (X, O X (k)) = H 2 (X, O X (k)) = 0 for any k = 0. By smoothness of ψ we see that X arises as an embedded deformation and therefore induces a compatible deformation C ∈ Def C (W 2 (k)) of the cone C. By Corollary 4.2 in order to prove that C admits a Frobenius lift it suffices to infer it for U. By functoriality of obstructions to lifting Frobenius we obtain a diagram:
We consider a Frobenius pullback of a distinguished triangle of cotangent complexes associated to the G m -bundle p (1) :
where the isomorphism in the middle follows from the standard property of Zariski locally trivial G m -bundles. By the long exact sequence of Ext(−, O U ) groups we obtain an exact sequence:
and therefore it suffices to prove that Ext
) and the assumptions.
Appendix A. Deformation theory
Oftentimes we resign from giving proofs and refer to the standard works, e.g, [Ill72, Sch68, FM98] . In the part concerning cotangent complex and obstruction classes, the reader may freely ignore the technical proofs and focus on the statements concerning functoriality.
A.1. Deformation theory in terms of cotangent complex. We begin with the relevant topics in deformation theory (see [Ill72,  
The Kodaira-Spencer class satisfies the following functoriality property. For any commutative square:
defined over a fixed scheme S, the natural diagram:
is commutative, where the right most vertical arrow is the canonical morphism Lf * di induced by the equality if ′ = f j. 
whose vanishing is sufficient and necessary for the existence of an extension X as in the diagram:
xS, inducing w : f * J → I on the kernels of thickenings. The obstruction σ X is given by the composition:
, Liftability obstructions satisfy the following functoriality property (for the sake of convenience we assume the ideals of thickenings are flat).
Definition A.5 (Morphism of deformation tuples). A morphism of deformation tuples over S is a piece of data denoted diagramatically by
and consisting of: a) a diagram of schemes over S:
where h is a morphism inducing an O Y -module homomorphism u : h * J ′ → J , b) a homomorphism v : g * I ′ → I fitting into a commutative diagram:
Lemma A.6 (Functoriality of obstructions to lifting schemes). For any morphism of deformation tuples as above, the obstruction classes to existence of liftings fit in the commutative diagrams:
Proof. We use scommutativity of the diagram: We consequently derive the following diagram which is constituted by boundary arrows.
After application of Rg * and the natural adjunction this yields the commutativity of:
where η A is the counit of the adjunction for an object A. This gives the desired result.
A.1.2. Lifting morphisms. Here, we proceed with some facts concerning liftability of morphisms, in particular, we analyse the functoriality properties of obstruction classes. Firstly, we recall the following theorem describing obstructions to lifting of morphisms. 
where the middle square is the pullback of σ f along k and the bottom boundary mappings give rise to the obstruction σ f ′ . The functoriality is a consequence of a) the description of obstructions classes, b) commutativity of the left square coming from transitivity of differentials for f k = lf ′ , c) commutativity of the right square coming from the definition of morphism of deformations of morphism tuples, d) commutativity of the lower and boundary upper square which in fact constitute the obstructions for existence of k and l, respectively. e) flatness of the ideals, which allows us to omit derived pull-backs.
A.2. Deformations of affine schemes. In this section we present a few results concerning deformation theory of affine schemes. In particular, we prove that one can check the existence of a W 2 (k)-liftingétale locally. A.3. Deformation functors and their morphisms. Here, we recall the formalism of functors of Artin rings. The classical reference for the topic is [Sch68] . The results concerning obstruction theories are well-explained in [FM98] .
Suppose k be a field, Λ a complete local ring and let Art(Λ, k) denote the category of local Artinian Λ-algebras with residue field k. We consider covariant functors F : Art(Λ, k) → Sets, which naturally represent infinitesimal deformations of algebraic and geometric objects. The case we are mostly interested in is Λ = W 2 (k) where k is a perfect field of positive characteristic p. 0
where f 1 , f 2 are rings homomorphisms and φ is an induced homomorphism of k-vector spaces.
Definition A.14 (Smooth morphism of functors). A natural transformation ξ : F → G of functors of Artin rings is smooth if for every surjective morphism B → A in Art(Λ, k) the natural mapping:
is surjective.
From the special case A = k, we see that a smooth morphism is surjective. Under certain condition (see [FM98] ), satisfied in any of our applications, the tangent space admits a natural structure of a k-vector space such that the tangent morphism becomes k-linear. 
we have (id V ⊗φ)
• ν e = ν e ′ • F (f 1 ). ii) (completeness) for any infinitesimal extension e : 0 −→ I −→ B −→ A −→ 0 and an element a ∈ F(A) the condition ν e (a) = 0 is equivalent to existence of b ∈ F(B) lifting a.
The choice of obstruction theory is not unique, e.g., any proper inclusion i : V → V ′ gives rise to a different obstruction theory (V ′ , i • ν e ). We now present a criterion for smoothness of morphism of functors in terms of their tangent and obstruction spaces. Let (F , (Ob F , ν We emphasize that the notion of obstruction map of ψ does not depend solely on ψ but also on the choice of obstruction theories for F and G.
We have the following criterion. 
